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We have studied the dissipative dynamis of a driven eletroni spin trapped in a quantum dot.
We onsider the dissipative mehanism as due to the indiret oupling of the eletroni spin to
aousti phonons via the spin-orbit/eletron-phonon ouplings. Using an eetive spetral funtion
of the dissipative phonon bath, we evaluated the expetation values of the spin omponents through
the Bloh-Redeld theory. We show that due to a sharp bath resonane present in the eetive
spetral funtion, with typial energy muh smaller than the eletroni onnement energy, the
dissipative spin has a rih dynamial behavior that helps us to determine some features of the spin-
bath oupling. We also quantify the eets produed by the sharp bath resonane, and thus indiate
the best regimes of operation in order to ahieve the longest relaxation times for the spin.
I. INTRODUCTION
During the last deade several physial systems have
been proposed as andidates for qubits
1
and, among
those, ondensed matter devies have been attrating a
growing interest in the area
2
. There are many reasons for
this and most of them involve the way one designs, on-
trols and aesses individual qubits in quantum systems
ontaining a very large number of suh entities. This is
a natural onsequene of the fat that dealing with solid
state devies one an use the same standard eletroni
iruitry of onventional omputers. Furthermore, new
and powerful experimental tehniques allow us to expet
that these qubits ould be more easily salable and that
ontrol over the proessing of information and implemen-
tation of possible protools of error orretion ould be
done in a more reliable and eient way. These are only
a few points in favour of these systems as being good
andidates for qubits.
Despite these important favourable points, there are
also negative aspets onerning the use of solid state de-
vies as qubits. Sine they are mainly meso or nanosopi
devies, whih under spei onditions mimi two-state
system behavior, it is a very hard task to isolate them
from their environment. Moreover, as it is already
well known, the system-bath interation auses loss of
quantum oherene whih is a drawbak for quantum
omputation
3,4
, in partiular, if we do not wish to op-
erate our devies at too low temperatures. Therefore,
there must be a ompromise between the desirable fea-
tures possessed by these systems and the undesirable ef-
fet of deoherene. It is along this diretion that people
have been investigating eletroni spins in quantum dots
as promising andidates for qubits
5,6
. Sine the onne-
ment of the eletroni wave funtion isolates the spins
from most energy relaxation hannels, there are situa-
∗
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tions where deoherene takes plae only beyond a fairly
long time interval. Here we mean a time interval within
whih a large number of logial operations ould be oher-
ently performed. In partiular, for self-assembled quan-
tum dots, the energies involved in the spin dynamis are
suh that the deoherene time is indeed very long. How-
ever, what is advantageous on the one hand turns out to
be a problem otherwise. As the spin is a mirosopi
variable one has to fae the problem of how to aess it
experimentally.
A possible way to address one of the many spins in
the quantum proessor is by tuning the frequeny of a
time dependent external magneti eld (the transverse
pumping or ontrol eld) to the spin's Larmor frequeny.
Indeed, Koppens and ollaborators
7
have demonstrated
very reently the rst experimental realization of single
eletron spin rotations in quantum dot systems, whih
is a neessary step for the implementation of universal
quantum operations. They showed, through urrent mea-
surements in double quantum dots, the ability of per-
forming spin-ips using a resonant osillating magneti
eld with the spin's Larmor frequeny. Therefore, in this
work, we shall investigate the dissipative dynamis of an
eletroni spin onned to a quantum dot subjet to a
strong stati magneti eld and a muh weaker trans-
verse pumping eld.
It has been demonstrated that the main mehanisms
of relaxation of the latter are the spin-orbit interation
8,9
and the hyperne interation with the spins of the host
lattie
10
. For stati elds stronger than 1T it is expeted
that the spin-orbit interation plays a major role in the
relaxation proess. The relaxation times experimentally
observed for elds above 4T are within the range ∼ 0.8−
20ms11,12 whih enourages us to study the possibility of
implementing spins onned in quantum dots as qubits.
Following previous works
13
, we investigate the dissipa-
tive eets originating from the oupling of the orbital
eletroni motion to the aousti phonon modes of the
lattie where the dots are embedded. Due to the spin-
orbit oupling, the spin degree of freedom beomes indi-
2retly damped by the latter. Consequently, it is possi-
ble to dene an eetive dissipative two-state system
13
whose dynamis may not be desribable pertubatively
14
.
In partiular, one should stress the existene of a very
sharp eetive bath resonane at energies muh lower
than the planar eletroni onnement energy.
The main goal of the present work is to evaluate the
dissipative dynamis of a strutured spin-boson model in
the presene of a time dependent magneti eld aiming
at the determination of the best operational onditions
under whih these systems ould be employed as good
qubits. In setion II we present the model we use to
desribe this dynamial proess. In setion III, we ob-
tain the approximate analytial solutions to the Bloh-
Redeld equations for the average values of the spin om-
ponents. Finally, in setion IV, we arry out a detailed
analysis of the solutions we have obtained.
II. MODEL
We onsider quantum dots with strong onnement in
the z diretion, and eletroni orbital motion in the x−y
plane subjet to a onning paraboli potential. The
spin-orbit oupling is modelled by a Dresselhaus intera-
tion term projeted onto the plane of the dot. Besides,
we add a term due the presene of an externally applied
magneti eld B. Thus, these assumptions lead to the
following spin-orbit Hamiltonian
HSO = ~ω0
(
a†xax +
1
2
)
− βσˆxPx
+~ω0
(
a†yay +
1
2
)
+ βσˆyPy +
1
2
gµBB · σˆ, (1)
where ω0 is the lateral harmoni frequeny, β ≡ γc〈k
2
z〉 =
γcm
∗ω⊥ (with γc is the Kane parameter
9
, m∗ is the ele-
tron eetive mass), σˆ are the Pauli matries, and ax(y)
is the usual ladder operators for the x(y) diretion.
The eletron-phonon Hamiltonian, onsidering either
the piezoeletri or the deformation potential intera-
tions with aousti phonon modes, an be mapped into
the bath of osillators model
4
with the spetral funtion
given by
13
Js (ω) = m
∗ω2Dδs
(
ω
ωD
)s
θ (ωD − ω) , (2)
where s = 3 for the piezoeletri interation with dimen-
sionless oupling δ3 =
(em)
2
14
ωD
35πm∗ρ
(
4
3v5
t
+ 1
v5
l
)
, and s = 5
for the deformation potential with δ5 =
a2
cΓ
ω3
D
2πρm∗v7
l
, where
ωD is the Debye frequeny. vl and vt are the longitudi-
nal and transverse sound veloities respetively, ρ is the
material density, (em)14 is the eletromehanial tensor
for zin-blende strutures
15
, and ac,Γ is the deformation
potential at the Γ point15. θ is the Heaviside step fun-
tion.
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Figure 1: Spetral density Jeff for piezoeletri eletron-
phonon interation, s = 3. Inset: The region lose to the
peak Ωs an be well approximated by the Lorentzian in Eq.
5 (dashed line). Here we assumed
ω0
ωD
≈ 0.5 and δ3 = 355.
Provided that we have introdued a bath of osilla-
tors for the eletron-phonon oupling, and beause of the
spin-orbit interation, one an think of this problem as
a spin degree of freedom oupled to an eetive bath
of osillators
13
with the following eetive bath spetral
funtion
Jeff (ω) = m
∗β2
δs
(
ω
ωD
)s+2
Z (ω)
2
+ δ2s
(
ω
ωD
)2s θ (ωD − ω) , (3)
where Z (ω) ≡
(
ω0
ωD
)2
−
(
ω
ωD
)2 (
1 + δsφs
(
ω
ωD
))
, and
φs(x) ≡
2
πP
∫ 1
0 x
s/(y3 − yx2)dy = −x
s−2
π (B(x, s, 0) +
(−1)sB(−x, s, 0)), with B being the generalized inom-
plete beta funtion.
Figure 1 presents the Jeff (ω) behavior for the piezo-
eletri interation ase, s = 3. The most prominent
feature of its behavior is the peak at ω = Ωs, where Ωs
is determined by
Ωs ≈ ω0
√
(s− 2)
(s− 2) + 2δsπ
. (4)
Furthermore, the region around Ωs an be
well approximated by a Lorentzian of width
ℓ ≈ ωDπ(s−2)4
(
ω0
ωD
√
(s−2)π
2δs
)s−1
(see inset of Fig-
ure 1), given by
Jeff (ω ≈ Ωs) ≈
m∗β2
2
(
ωD
ω0
)2
Ω3s
ωD
(
ℓ
(ω − Ωs)2 + ℓ2
)
.
(5)
The asymptoti analysis of Jeff (ω) also reveals that in
the low frequeny range, dened by ω ≪ Ωs and
ω
ωD
≪(
ω0
ωD
1
δs
)1/s
, the eetive spetral density is always super-
ohmi, with power s + 2. On the opposite side of the
3resonane, and in the high frequeny limit, Ωs ≪ ω ≪
ωD, the spetral density behaves as a power law in the
frequeny ω with exponent s− 2.
Sine we know the spetral density of the eetive bath
of osillators oupled to the spin degree of freedom, our
problem an now be modelled by the driven spin-boson
Hamiltonian
H (t) = −
~
2
[∆σˆx + ǫ (t) σˆz ]
+
∑
i
~ωi
(
bˆ†i bˆi +
1
2
)
+ σˆz
∑
i
ci
(
bˆ†i + bˆi
)
,(6)
where the spetral density of the environment is
given by (3), and the applied magneti eld B =
(−~∆/gµB, 0,−~ǫ(t)/gµB). In the weak oupling limit,
the equations of motion for the spin expetation val-
ues, σi (t) ≡ Tr [ρˆ (t) σˆi], an be written, for this spei
model, as the generalized Bloh-Redeld equation
16
σ˙x (t)= ǫ (t)σy − Γxx (t)σx − Γxz (t) σz −Ax (t) ,
σ˙y (t)= −ǫ (t)σx +∆σz − Γyy (t)σy − Γyz (t)σz −Ay (t) ,
σ˙z (t)= −∆σy , (7)
where the utuating terms are given by
16
Ax (t) = ImF (t) , Ay (t) = ReF (t) , with
F (t) = 2
∫ t
0
dt′ImM(t− t′)URR(t, t
′)URL(t, t
′),
and the temperature dependent relaxation rates are de-
termined by
16
Γij (t) =
Z t
0
dt′Re[M(t− t′)]bij(t, t
′), with Γyy (t) = Γxx (t) .
The orrelation funtion
M (t) =
1
π
∫ ∞
0
dωJ(ω)
cosh(βω2 − iωt)
sinh(βω2 )
,
with β ≡ 1/kBT , takes into aount all the eets of the
bath of osillators. The funtions bij read
bxz = 2Re [URRURL] , byz = −2Im [URRURL]
and bxx = |URR|
2 − |URL|
2, where U(t, t′) is the non-
dissipative time evolution operator for the spin system
and its matrix elements URR(t, t
′) = 〈R|U(t, t′)|R〉 and
URL(t, t
′) = 〈R|U(t, t′)|L〉, are written in the basis de-
ned by σz |R〉 ≡ +|R〉, σz|L〉 ≡ −|L〉. Eqs. (7) are
derived
16
under the assumption that
J(ω)
ω ln(Ωc/∆)≪ 1,
where Ωc represents the uto frequeny of the system.
III. RESULTS
From here onwards we will be interested in the study
of a monohromati eld of the form ǫ (t) = 2ǫ0 cosΩt,
onsidering it as a small perturbation to the spin dynam-
is, i.e., ǫ0/∆ ≪ 1. In order to solve the Bloh-Redeld
equations we need to ompute the non-dissipative time
evolution operator U(t, t′). Using the rotating wave ap-
proximation (RWA), we obtain the following simple an-
alyti form to the time evolution operator
U(t, t0) = R
†
x (Ωt) e
i
2
ǫ1(t−t0)σˆ·nRx(Ωt0), (8)
where Rx (Ωt) = e
− i
2
Ωtσˆx
, σˆ · n = ∆−Ωǫ1 σˆx +
ǫ0
ǫ1
σˆz =
cos (φ) σˆz + sin (φ) σˆx, with tan (φ) ≡
∆−Ω
ǫ0
and ǫ1 ≡√
ǫ20 + (∆− Ω)
2
. ǫ1 and ∆ are, respetively, the Rabi
and Larmor frequenies of the problem, Ω is the exter-
nal eld frequeny and φ represents the frequeny de-
tuning. The Bloh-Redeld oeients an now be eval-
uated using the spetral density of the bath osillators
and U (t, t′). We proeed evaluating the time integrals
rst. Those have sine and o-sine elementary integrands
that, when appropriately rearranged, an be written in
terms of sinc funtions, whose maxima our at the nat-
ural frequenies of the system Ω, and Ω ± ǫ1. Follow-
ing this proedure, the oeients of the Bloh-Redeld
equations an be written in the ompat form
Ax (t) = r1 (t) +m1 (t) sin (2Ωt) + n1 (t) cos (2Ωt) ,
Ay (t) = m2 (t) sin (Ωt) + n2 (t) cos (Ωt) ,
Γxx (t) = r3 (t) +m3 (t) sin (2Ωt) + n3 (t) cos (2Ωt) ,(9)
Γxz (t) = m4 (t) sin (Ωt) + n4 (t) cos (Ωt) ,
Γyz (t) = r5 (t) +m5 (t) sin (2Ωt) + n5 (t) cos (2Ωt) ,
(see appendix for the expliit presentation of those o-
eients). The new oeients ri (t) , mi (t) and ni (t)
have their time dependene determined by the integrals
In, Eqs. (19) and (20). Those integrals, in the regime
of interest, t ≫ 1/ωD, have their main ontributions
deomposed in two parts: one, time-dependent, ours
due to terms arising from the poles of the spetral den-
sity in the omplex plane, whih have lifetimes deter-
mined by their imaginary parts; the other part is a time-
independent ontribution due to the resonane of system
with the external applied eld. Therefore, eah oe-
ient ri (t) , mi (t) and ni (t) an also be written in well-
haraterized time dependent and independent parts. In
fat, onsidering J(ω) given by (3), whose main poles are
Ωs ± iℓ, we an write r1(t) as
r1 (t) ≈ ℓJ (Ωs) e
−ℓt
2∑
i=0
Ci
{
sin
[(
Ωs − Ω
(i)
)
t
]
Ωs − Ω(i)
+
sin
[(
Ωs +Ω
(i)
)
t
]
Ωs +Ω(i)
}
+ r˜1, (10)
where Ω(0) ≡ Ω, Ω(1) ≡ Ω + ǫ1 and Ω
(2) ≡ Ω − ǫ1;
C0 ≡ cos (φ)
2 /2, C1 ≡ (1 + sin(φ))
2 /4, and C2 ≡
(1− sin(φ))
2
/4. The rst term on the r.h.s of Eq. (10)
is a diret ontribution of the poles of J (ω) , and the
4last term, r˜1, takes into aount the time independent
terms of r1 (t). Substituting (10) in the Bloh-Redeld
equations, we an nd a partiular solution for σx, up to
rst order in ℓ, due to the rst term of Eq. (10). Thus
we an write σx (t) as follows
σx (t) ≈ ℓJ (Ωs) e
−ℓt
2∑
i=0
Ci
{(
1− cos
(
Ωs − Ω
(i)
)
t
)
(
Ωs − Ω(i)
)2
+
(
1− cos
(
Ωs +Ω
(i)
)
t
)
(
Ωs +Ω(i)
)2
}
+ σ˜x (t) .
It is lear that the partiular solution has a lifetime deter-
mined by the width ℓ of the peak of the eetive spetral
density. The modes arising from this term osillate with
the system's natural frequenies shifted by the bath res-
onane Ωs. Thus, the ontributions due to the poles of
Jeff (ω) introdue a new time sale, 1/ℓ, in the dynamis
of the dissipative spin, whih distinguishes the short and
long time regimes of the problem. The rst term of (10)
is expeted to be the dominant ontribution of the poles
of Jeff (ω) for the spin dynamis, beause those arising
from m1(t) and n1(t) osillate with frequeny 2Ω larger
than those from r1(t). After integrating the equations of
motion over any measurable time interval, their eets
beome negligible.
Now, sine we have determined the oeients
r(t), m(t), and n(t), we an obtain analyti solutions for
the Bloh-Redeld equations. For the long time regime,
t > 1/ℓ, those oeients approah very quikly their
asymptoti values f˜ ≡ f(t→∞), with f = r, m, and n.
A solution an be obtained using the Laplae transfor-
mation for the regime of interest, namely ǫ0/∆ ≪ 1.
Retaining terms up to order of ǫ20, and onsidering the
initial ondition σx(0) = ±1, σy(0) = 0, σz(0) = 0, we
nd the following approximated solutions
σx (t) ≈ ℓJ (Ωs) e
−ℓt
2∑
i=0
Ci
{
sin
((
Ωs − Ω
(i)
)
t
)
Ωs − Ω(i)
+
sin
((
Ωs +Ω
(i)
)
t
)
Ωs +Ω(i)
}
+ σx (∞) +G cos (2Ωt)
+
(
σx (0)− σx (∞)−G−
2∑
i=0
Hi
)
e−ΓRt +
2∑
i=0
Hie
−
Γi
2
t cos (ωit) , (11)
σz (t) ≈
2∆
Ω
f (ǫ0,Ω) (1− cos (Ωt))
{(
σx (0)− σx (∞)−G−
2∑
i=0
Hi
)
e−ΓRt + σx (∞)
}
+∆
2∑
i=0
Hie
−
Γi
2
t
{
f (ǫ0,Ω− ωi)
Ω− ωi
(1− cos ((Ω− ωi) t)) +
f (ǫ0,Ω+ ωi)
Ω + ωi
(1− cos ((Ω + ωi) t))
}
. (12)
where
ω0 ≈ 2Ω,
ω1 ≈
r
ǫ20 +
“
Ω−
p
∆(∆− 2γ)
”2
≈
q
ǫ20 + (Ω−∆+ γ))
2,
ω2 ≈
r
ǫ20 +
“
Ω +
p
∆(∆− 2γ)
”2
≈
q
ǫ20 + (Ω +∆− γ)
2.
The shift γ in the natural resonane frequeny an be un-
derstood as the frequeny orretion to the spin dynamis
due to the interation with the bath of osillators. In on-
trast to the proedure adopted in
16
, this orretion arises
naturally from the solution obtained. The frequeny shift
γ has the form of a Lamb shift
γ ≈ r˜5 =
2∑
i=0
Ci
2π
∫ ωD
0
dω coth
(
~ω
2kBT
)
J (ω)P
[
1
ω − Ω(i)
−
1
ω +Ω(i)
]
. (13)
This expression is very similar to that found in the non-
perturbative treatment of the atom-eld interation
17
.
However, it is worth noting that Eq. (13) is derived here
as a temperature dependent funtion.
The rates appearing in Eq. (11) and (12) an be writ-
ten approximately as ΓR ≈
(
1− 2f
2(ǫ0,Ω)
1+2f2(ǫ0,Ω)
∆(∆−2γ)
Ω2
)
Γ,
and Γ0 = 2Γ1 = 2Γ2 = 2Γ, where
Γ ≈ r˜3 =
1
2
2∑
i=0
CiJ(Ω
(i)) coth
(
~Ω(i)
2kBT
)
. (14)
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Figure 2: Rate Γ, Eq. 14, as a funtion of the driven eld
frequeny Ω (solid line). There is a very pronouned peak at
the region lose to Ωs. Dashed line represents the rate Γ for
the non-driven ase, ǫ0 = 0. Temperature used T ≈ 1K.
Figure 2 presents the rate Γ as a funtion of the driven
eld frequeny Ω. It is lear that there is a signature
of the peak of spetral density Jeff (ω) in its behavior.
Close to the peak, Ω ≈ Ωs, the rate Γ an be several
orders of magnitude higher than the asymptoti value
1
2J (∆) coth (~∆/2kBT ). This result shows whih regime
of frequeny must be avoided to obtain the largest relax-
ation time of the system.
Finally, the oeients an be written as
σx (∞) ≈
(
1
1 + 2f2(ǫ0,Ω)
)
tanh
(
~∆
2kBT
)
,
G ≈
ǫ0
Ω
f (ǫ0,Ω)σx (∞) ,
H0 ≈ −2H2 ≈ −2G, H1 ≈
(
ǫ0
ω1
)2
σx (0) .
The funtion
f (ǫ0,Ω) = ǫ0
Ω
Ω2 −∆(∆− 2γ)
,
gives a measure of the eets of the driven eld on the
spin dynamis. As expeted, there are two important
features to be onsidered: one is its intensity ~ǫ0/gµB;
and the other is how distant Ω is from the shifted natural
resonane frequeny
√
∆(∆− 2γ) ≈ ∆− γ.
In the limit ǫ0 → 0, we obtain σx (t) ≈ σx (∞) +
(σx (0)− σx (∞)) e
−Γt
, where Γ is the well-known
expression
3 Γ = 12J(∆) coth(~∆/2kBT ), and σx(∞) =
tanh
(
~∆
2kBT
)
is exatly the expeted thermodynami-
al mean value. For the resonant ase Ω ≈ ∆ − γ,
we have f(ǫ0,∆ − γ) → ∞, whih implies σx (t) ≈
σx(0)e
−Γt cos(ǫ0t). The system evolves with a frequeny
imposed by the external driving eld, and relaxes to a
state where both spin omponents are equally probable.
A detailed desription of those phenomena is presented
in the next setion.
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Figure 3: Time evolution of the expetation value of σˆx for the
near resonane ase Ω ≈ ∆− γ. First plot presents the initial
dynamis, where two well dened osillation frequenies an
be seen. For times t < 1/ℓ, damped osillations due the poles
of Jeff (ω), with relaxation time 1/ℓ, are observed. In the
long time regime, t > 1/ℓ, the system evolves with osillation
frequeny ǫ0 and, initially, with large amplitudes (reeting
the tuning between the frequeny of the driving eld and the
natural frequeny of the system). Due to the dissipative pro-
ess, the system tends, in the time sale 1/Γ, to an equal
probability state for spin up and down, vanishing the average
of σˆx (seond plot). For very long times, t≫ 1/Γ, the system
reahes a stationary state, osillating with frequeny 2Ω and
very small amplitude. Here we assumed ωD/ℓ = 750. Solid
and dashed urves represent the numeri and the analyti re-
sults obtained.
IV. DISCUSSION AND CONCLUSIONS
Figures 3-6 present the expetation values of σˆx and σˆz
for the near resonane, Ω ≈ ∆−γ, and the o-resonane,
Ω = ∆, ases. Here we assume ~∆ ≫ kBT , ∆ ≈ Ωs/2,
ǫ0/∆ ≈ 0.03 and ωD/ℓ ≈ 750.
It is well known
18
that, in the absene of dissipation,
the system would indenitely evolve into oherent yles
of absorption and emission of energy - the Rabi osil-
lations. Furthermore, the hange in the spin up and
down populations exhibits an osillatory time depen-
dene with frequeny
√
ǫ20 + (Ω−∆)
2
, and amplitude
ǫ20/(ǫ
2
0+(Ω−∆)
2). It is worth noting that under the res-
onane ondition, Ω = ∆, the osillating eld fully drives
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Figure 4: Time evolution of the expetation value of σˆx for
the o-resonane Ω = ∆ ase . Likewise the resonant ase,
the initial dynamis is omposed of two well dened osil-
lation frequenies (rst plot). Again, the ontributions due
the poles of Jeff (ω) vanish after times t ≈ 1/ℓ. In the long
time regime, t > 1/ℓ, the system evolves osillating with fre-
queny ≈
p
ǫ20 + γ
2
, and the amplitude observed is not as
larger as in the resonant ase. The seond plot presents the
dynamis for the long time regime. As one an see, the sys-
tem tends to approah the stationary state at the same time
sale as the resonane ase, however we see that σx(t → ∞)
is now muh loser to its thermodynamial equilibrium value
for ǫ0 = 0, tanh(~∆/2kBT ) ≈ 1. One again, for very long
times, t≫ 1/Γ, (inset seond plot) the system osillates with
frequeny 2Ω and very small amplitude. Here we assumed
ωD/ℓ = 750. Solid and dashed urves represent the numeri
and the analyti results obtained.
the transitions between up and down spin states and that
the weaker the driving eld, the narrower the resonane
peak. As one an notie by inspeting gures 3 and 4,
the oupling system-bath hanges some of those features.
First of all, the resonane ondition is no longer veried
at the frequeny assoiated with the stati applied eld.
Now, the new natural frequeny is given by Ω = ∆ − γ,
where the shift γ, Eq. (13), is ompletely assoiated with
the oupling between the system and its reservoir - Lamb
shift. This is exatly the behavior we have for the rst
plots of gures 3 and 4: the largest amplitudes of os-
illation our for those frequenies losest to the new
resonane ondition. As expeted, the omponent σx os-
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Figure 5: Time evolution of the expetation value of σˆz for
the near resonane ase Ω ≈ ∆ − γ. The initial σz dynam-
is behavior (rst plot) is haraterized by a lear struture
of beats, with beat and angular frequeny given by ω1 and
Ω + ω1/2. Due the deoherene proesses, the modes related
with the frequenies ωi evanese in the harateristi time
1/Γ, destroying the beat struture (seond plot), for whih
arises an osillatory regime of same frequeny Ω of the applied
eld. Here we assumed ωD/ℓ = 750. Solid and dashed urves
represent the numeri and the analyti results obtained.
illates with frequeny ǫ0 at resonane, and
√
ǫ20 + γ
2
for
the o-resonane Ω = ∆ ase. Another important hange
in the spin dynamis is that the system does not evolve
indenitely in oherent yles of absorption and emission
of energy. In fat, the dissipation proess indued by
the oupling to the dissipative bath destroys the oher-
ene in the emission-absorption yles and, after a long
time, deoherene takes plae. Indeed, the behavior of
the expetation value of σx(t) in the long time regime
(gures 3 and 4), reveals this deoherene proess. As one
an see, the large amplitude of osillations observed ini-
tially, a onsequene of the oherent emission-absorption
stimulated by the eld, tends to derease in time. This
proess ours in a time sale given by 1/Γ, Eq. (14),
whih has almost the same value as presented in gures
3 and 4. This happens beause for both ases we are
away from the peak of the rate Γ, Figure 2, where it is
pratially a onstant given by
1
2J(∆) coth(~∆/2kBT ).
For very long times, t ≫ 1/Γ, the system reahes a sta-
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Figure 6: Time evolution of the expetation value of σˆz for
the o-resonane ase Ω ≈ ∆. The same behavior for the res-
onant ase is observed. The initial σz dynamis behavior (rst
plot) is haraterized by a lear struture of beats, with beat
and angular frequenies given by ω1 and Ω + ω1/2. Due the
deoherene proesses, the modes related with the frequen-
ies ωi evanese in the harateristi time 1/Γ, destroying the
beat struture (seond plot), for whih an osillatory regime
of same frequeny Ω of the applied eld arises. Here we as-
sumed ωD/ℓ = 750. Solid and dashed urves represent the
numeri and the analyti results obtained.
tionary state, osillating with frequeny 2Ω (inset of g-
ure 4) and small amplitude around the asymptoti value
σx(t → ∞). Here we observe that this asymptoti value
hanges dramatially when we leave the resonane on-
dition. This feature an be understood as follows. At
resonane, the driving eld auses perfet transitions be-
tween up and down eigenstates of σˆx, but beause the
system-bath oupling destroys the oherene along the
proess, we see that after a very long time, t ≫ 1/Γ,
a ompletely random emission-absorption proess sets in
and makes the expetation value of σˆx vanish. For the
o-resonane ase, the driving eld no longer produes
100% probability transitions in the system. Again, the
oupling with the bath destroys the oherene of this
proess, and favours the oupation of the lowest energy
state. Thus, as we are onsidering a small applied eld,
i.e, ǫ0/∆ ≪ 1, the bath drives the system towards its
thermodynamial equilibrium state at zero driving eld,
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Figure 7: The time evolution of the expetation value σx (t)
using the approximate analyti solution Eq.11 (dashed line)
and the exat numeri alulation (solid line). PlotA presents
the behavior for the resonane ase Ω ≈ ∆−γ. The osillation
frequeny observed is ω1 ≈ ǫ0. Plot B shows the ase o
resonane, Ω = 0.8∆. The main osillation frequeny is ω1.
The estimate relaxation time for these plots is T1 = 12µs.
The temperature used is T ≈ 1K.
σx → tanh
(
~∆
2kBT
)
. Sine we have assumed ~∆≫ kBT ,
this implies tanh
(
~∆
2kBT
)
≈ 1. How lose the system will
approah that asymptoti value depends on both the in-
tensity and frequeny of the driving eld.
All the features disussed so far were general onse-
quenes of the system-bath interation, and do not de-
pend on the spei form of the spetral density of the
bath. Nevertheless, the rst plots of gures 3 and 4
show a partiular behavior for short times: two well de-
ned regimes of osillation frequenies an be observed.
This phenomenon is a signature of the rih struture of
the eetive spetral density, Eq. (3). In fat, beause
Jeff (ω) has poles in the omplex plane, new modes of
osillation arise in the spin dynamis. Those new modes
have lifetimes imposed by the imaginary part of the poles,
whereas the natural frequenies of the system are shifted
by their real part. As we ould observe from Jeff (ω)
(3), the most important modes ( those with long life-
times and measurable amplitude of osillations) due to
the poles are assoiated with the peak of Jeff (ω), at
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Figure 8: The time evolution of the expetation value σz (t)
using the approximate analyti solution Eq.11 (dashed line)
and the exat numeri alulation (solid line). PlotA presents
the behavior for the resonane ase Ω ≈ ∆ − γ. ω1 and
Ω − ω1/2 are the beat and the angular frequenies respe-
tively. Plot B shows the ase o resonane Ω = 0.8∆. We
an identify approximately the beat and angular frequenies
as ω1 and Ω+ ω1/2. The temperature used is T ≈ 1K.
whih a strong orrelation between orbital and spin de-
grees of freedom takes plae. These modes, (see the
rst term of Eq. (11)), have lifetimes determined by the
width ℓ of the bath resonane, and frequenies Ωs−Ω
(i)
,
with Ω(0) = Ω, Ω(1) = Ω − ǫ1 and Ω
(2) = Ω + ǫ1.
The amplitude of osillation, assuming a weak driving
eld, ǫ0/∆ ≪ 1, an be approximated by
2ℓJ(Ωs)
(Ωs−∆)2
(for
∆ 6= Ωs). Therefore, if one experimentally reahes the
onditions
2ℓJ(Ωs)
(Ωs−∆)2
≈ O(1) and ℓ/∆ ≪ 1, it would be
possible to determine some physial parameters of spin-
bath oupling, e.g., the eletron-phonon onstant ou-
pling δs.
Figures 5 and 6 show the σz omponent for the same
onditions previously disussed. As it an be notied,
there is a lear struture of beats in its dynamial be-
havior. At resonane, gure 5, the beat and angular fre-
quenies are, respetively, given by ω1 and Ω+ω1/2. For
this omponent we do not verify two osillatory regimes
for times of the order of 1/ℓ. This ours beause of the
suppression of the pole's ontribution by the strong os-
illations of the remaining terms. As a onsequene of
the deoherene proess imposed by the bath of osilla-
tors, other important feature is that, for long times, the
modes related with the frequenies ωi evanese, destroy-
ing the beat struture. These modes are assoiated with
the oherent osillations due to the driving eld. Thus,
after a long time, only an osillatory regime of frequeny
Ω remains. The harateristi time for that is of the or-
der of 1/Γ. The regime slightly o resonane Ω = ∆,
gure 6, pratially does not hange. In this ase the
beat and angular frequenies are given respetively by
ω1 e Ω−ω1/2. This shows that the omponent σz is not
so sensitive to how lose the external eld frequeny is
to the natural resonane frequeny of the spin. As it is
diretly oupled to the external eld, this omponent has
a stronger dependene on its amplitude.
Now, we will fous on the spei ase in whih we
use bulk physial parameters for typial quantum dots
size. We assume here the piezoeletri eletron-phonon
interation , s = 3, and quantum dots frequenies ω0 ≡
15meV. The external elds applied to the dots are as-
sumed to be suh that ~∆/kB = 6.7K and ~ǫ0/kB =
0.2K, and the Debye frequeny ~ωD/kB = 360K. Fig-
ures 7 and 8 present the σx and σz dynamis using the
bulk physial parameters β = 3000m/s, m∗ = 0.063me
and δ3 = 355. The temperature used for the alulation
is T ≈ 1K.
The plots A in gures 7 and 8 show the dynamis
of the expetation values σx (t) and σz (t), respetively,
for the ase lose to the resonane, Ω ≈ ∆ − γ. We
an see that the dynamis of σx has a well dened fre-
queny of osillation, given by ω1 ≈ ǫ0, with amplitude
lose to |σx(0)|. Beause of the weak oupling limit, the
terms in Eq. (11) due to the poles of the spetral density
are negligible ompared to the others. Therefore, this
explains why we do not distinguish between several dif-
ferent regimes of relaxation. The relaxation time T1 is
estimated to be of the order of 1/Γ = 12µs. For the σz
omponent we see the expeted beat struture, with well
haraterized beat and angular frequenies given by ω1
and Ω− ω1/2, respetively.
The plots B in gures 7 and 8 present the dynamis
for a ase o resonane, Ω = 0.8∆. Now we an see that
several frequenies ontribute to the spin dynamis. For
σx, the main osillation frequeny is still ω1, however the
amplitude of osillations has dereased more than one
order of magnitude. The σz dynamis has also hanged.
There is still a struture of beats but more frequenies
appear in the spetral deomposition. ω1 and Ω + ω1/2
are the beat and angular frequenies for this ase. For
the very long time regime, t ≫ 1/Γ, the omponent
σx reahes the stationary equilibrium osillating with
frequeny 2Ω and very small amplitude G, around the
value σx(∞). For σz we observe that the beat struture
disappears, giving plae to osillations of frequeny Ω
and onstant amplitude
2∆
Ω f(ǫ0,Ω)(σx(∞) +G/2).
In onlusion we have obtained approximate analyti
9solutions for the Bloh-Redeld equations of dissipative
spins in a driving eld. The omplex struture presented
by the eetive bath spetral density brings a riher
dynamial behavior for the spin trapped in a quantum
dot. We showed that the existene of the peak in the
spetral density introdues a new temporal sale in the
problem, 1/ℓ, the peak's width, whih learly separates
distint time evolutions of the omponent σx. The
rst one, short times, t ≪ 1/ℓ, is basially determined
by the harateristis of the peak. We saw that the
osillations presented in this regime have their natural
frequenies shifted by the bath resonane, Ωs, and their
lifetimes are determined by 1/ℓ. Thus, in priniple,
this regime ould be used to infer intrinsi quantities of
the system-bath oupling , suh as the eletron-phonon
onstant δs. On the other hand, the long time regime,
t ≫ 1/ℓ, was shown to be governed by the external
elds. We found that the relaxation rate Γ for this
regime presents a strong peak for frequenies lose to the
bath resonane, revealing the signature of the eetive
spetral density. In addition, we were able to identify the
shift indued by the system-bath oupling in the natural
frequenies of the system. We found that this shift,
γ, has the form of a temperature dependent Lamb shift17
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VI. APPENDIX
In this setion we present the expliit form for the
Bloh-Redeld oeients used in the main text.
The rst step is to onstrut the matrix elements of
the non-dissipative time evolution operator U(t, t′),
ImURR(t, t
′)URL(t, t
′) =
cos2(φ)
4
(
sin[(t− t′)Ω] + sin[(t+ t′)Ω](1− cos[(t− t′)ǫ1])
)
+
(1 + sin(φ))2
8
sin[(t− t′)(Ω + ǫ1)] +
(1 − sin(φ))2
8
sin[(t− t′)(Ω− ǫ1)],
ReURR(t, t
′)URL(t, t
′) =
cos(φ)
2
sin(t′Ω) sin[(t− t′)ǫ1]−
sin(2φ)
4
cos(t′Ω)(1− cos[(t− t′)ǫ1]), (15)
|URR(t, t
′)|2 − |URL(t, t
′)|2 =
cos2(φ)
2
(
cos[(t− t′)Ω] + cos[(t+ t′)Ω](1 − cos[(t− t′)ǫ1])
)
+
(1 + sin(φ))2
4
cos[(t− t′)(Ω + ǫ1)]−
(1− sin(φ))2
4
cos[(t− t′)(Ω− ǫ1)].
If the limit
J(ω)
ω |ω→0 exists, and J(ω) does not
have poles in the real axis, we an write the
real and imaginary parts of M(t) as Re[M(t)] =
1
π
∫∞
0 dωJ(ω) cos(ωt) coth(β~ω/2) and Im[M(t)] =
− 1π
∫∞
0 dωJ(ω) sin(ωt), respetively. Now we are in po-
sition to alulate the oeients Ai(t) and Γij(t). As
pointed out previously, if we rst perform the time in-
tegrals, we an reah very useful expressions for the fre-
queny analysis of our problem. Following this proe-
dure, we obtain the utuation oeients Ax and Ay
and the rate Γxx(t) as (with analogous expressions for
Γxz(t), and Γyz(t))
Ax(t) = −
cos2(φ)
2π
(
1− cos(2Ωt)
)
I
(0)
1 [Ω; J(x), t] −
(
cos2(φ) cos(2Ωt) + (1 + sin(φ))2
4π
)
I
(0)
1 [Ω + ǫ1; J(x), t]
−
(
cos2(φ) cos(2Ωt) + (1 − sin(φ))2
4π
)
I
(0)
1 [Ω− ǫ1; J(x), t]−
cos2(φ)
2π
sin(2Ωt)
(
I
(0)
2 [Ω; J(x), t]
−
1
2
(I
(0)
2 [Ω + ǫ1; J(x), t] + I
(0)
2 [Ω− ǫ1; J(x), t])
)
, (16)
10
Ay(t) =
sin(2φ)
2π
(
sin(Ωt)I
(0)
1 [Ω; J(x), t] + cos(Ωt)I
(0)
2 [Ω; J(x), t]
)
−
cos(φ)
2π
sin(Ωt)
(
(1 + sin(φ))I
(0)
1 [Ω + ǫ1; J(x), t]− (1− sin(φ))I
(0)
1 [Ω− ǫ1; J(x), t]
)
−
cos(φ)
2π
cos(Ωt)
(
(1 + sin(φ))I
(0)
2 [Ω + ǫ1; J(x), t]− (1 − sin(φ))I
(0)
2 [Ω− ǫ1; J(x), t]
)
, (17)
Γxx(t) =
cos2(φ)
2π
[(
1 + cos(2Ωt)
)
I3[Ω, T, t]− sin(2Ωt)
(
I4[Ω, T, t]−
1
2
(I4[Ω + ǫ1, T, t] + I4[Ω− ǫ1, T, t])
)]
(18)
−
(
cos2(φ) cos(2Ωt)− (1 + sin(φ))2
4π
)
I3[Ω + ǫ1, T, t]−
(
cos2(φ) cos(2Ωt)− (1− sin(φ))2
4π
)
I3[Ω− ǫ1, T, t],
where we have dened the integrals
I1[y, t] ≡
1
2
∫ ∞
0
dωJ(ω)
(
sin((ω − y)t)
ω − y
−
sin((ω + y)t)
ω + y
)
,
I2[y, t] ≡
∫ ∞
0
dωJ(ω)
(
sin2((ω − y) t2 )
ω − y
+
sin2((ω + y) t2 )
ω + y
)
. (19)
I3[y, T, t] ≡
1
2
∫ ∞
0
dωJ(ω) coth
(
~ω
2kBT
)(
sin((ω − y)t)
ω − y
−
sin((ω + y)t)
ω + y
)
,
I4[y, T, t] ≡
∫ ∞
0
dωJ(ω) coth
(
~ω
2kBT
)(
sin2((ω − y) t2 )
ω − y
+
sin2((ω + y) t2 )
ω + y
)
. (20)
The speial form of the integrals In allows us to nd
approximate analyti expressions, whih are asymptot-
ially exat for t → ∞. Considering that J (ω) satis-
es the onditions J (0) = J (∞) → 0, we an write for
t≫ 1/Ωc,
I1 (y, t) ≈
π
2
J (y) +
π
2
{
Res
[
J (z0)
eit(z0−y)
z0 − y
]
+ Res
[
J (z0)
e−it(z0−y)
z0 − y
]}
−
π
2
{
Res
[
J (z0)
eit(z0+y)
z0 + y
]
+ Res
[
J (z0)
e−it(z0+y)
z0 + y
]}
, (21)
I2 (y, t) ≈
1
2
∫ Ωc
0
dωJ (ω)P
[
1
ω − y
+
1
ω + y
]
−
iπ
2
{
Res
[
J (z0)
e2it(z0−y)
z0 − y
]
− Res
[
J (z0)
e−2it(z0−y)
z0 − y
]}
−
iπ
2
{
Res
[
J (z0)
e2it(z0+y)
z0 + y
]
− Res
[
J (z0)
e−2it(z0+y)
z0 + y
]}
, (22)
and similar expressions for I3 and I4. The residues in the
above expressions are alulated for the poles of J (ω)
inside of the semi-irle entered at z = Ωc and radius
Ωc
22
. In this alulation, we have assumed that y is not
a pole of the funtion J (ω). Here we have replaed the
upper limit of integration by the uto frequeny Ωc.
Expressions (21) and (22) show us that the time-
dependent terms of In have lifetimes determined by the
imaginary part of the poles of J (ω) in the omplex plane.
In our ase, the poles of J (ω) orrespond to those of
Jeff (ω) dened by Eq.3.
Figure 9 skethes the I1 and I2 behaviors assuming
J(ω) as an Ohmi funtion J(ω) = 0.05ωe−20ω and the
spetral density Jeff (ω) (Eq. 3). Comparing the results
using the analyti form Eqs. 21-22 and the exat numeri
alulation, we nd a good agreement for t ≫ 1/ωD,
speially for the ase g(ω) = Jeff (ω) where the terms
due the poles dominate the short time regime, t ≤ 1/ℓ.
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